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$\frac{\partial}{\partial x}(4\frac{\partial u}{\partial t}+6u\frac{\partial u}{\partial x}+\frac{\partial^{3}u}{\partial x^{3}})+3\frac{\partial^{2}u}{\partial y^{2}}=0$ (1)
.
, “ ” $x$
, $x$ $y$
. $y$ , KPII $KdV$ .
, KPII $KdV$ , $KdV$
, [2, 3]. , KPII
, , $[$4$]$ .





$u(x, y, t)=2 \frac{\partial^{2}}{\partial x^{2}}\log\tau(x, y, t)$ (2)
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, $\tau$ $\tau(x, y, t)$ , $\tau$
4 $( \tau\frac{\partial^{2}\tau}{\partial x\partial t}-\frac{\partial\tau}{\partial x}\frac{\partial\tau}{\partial t})+\tau\frac{\partial^{4}\tau}{\partial x^{4}}-4\frac{\partial\tau}{\partial x}\frac{\partial^{3}\tau}{\partial x^{3}}+3(\frac{\partial^{2}\tau}{\partial x^{2}})^{2}+3(\tau\frac{\partial^{2}\tau}{\partial y^{2}}-(\frac{\partial\tau}{\partial y})^{2})=0$ (3)
, $u(x, y, t)$ KPII (1) .
[5, 6].
$f_{i}(x, y, t),$ $(i=1,2, \cdots, N)$
$\frac{\partial f}{\partial y}=\frac{\partial^{2}f}{\partial x^{2}}$ , $\frac{\partial f}{\partial t}=-\frac{\partial^{3}f}{\partial x^{3}}$ (4)
, $\tau$ (2) $u(x, y, t)$ KPII
(1) :






, $f_{i}^{(j)}= \frac{\partial^{j}f_{i}}{\partial x^{j}}$ .
(4) , $k_{j}$
$E_{j}:=e^{\theta_{j}}$ , $\theta_{j}:=k_{j}x+k_{j}^{2}y-k_{j}^{3}t$ (6)
.
$f_{i}= \sum_{j=1}^{M}a_{ij}E_{j}$ , $(i=1, \cdots, N)$ (7)
(4) . , (5), (2) $u(x, y, t)$ KPII (1)
. , [7, 8, 9, 10, 11, 12].
, . .




, (7) $a_{ij}$ $A$ . (7) $f_{i},$ $(i=1, \cdots, N)$
, rankA $=N$ , , $M\geq N$ , $M=N$ , $\tau(x, y, t)$
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$e^{\theta_{1}+\cdots+\theta_{N}}$ , $u=0$ . , $M>N$ . (7)
, $\tau$
$\tau=|(\begin{array}{llll}a_{11} a_{12} \cdots a_{1M}a_{21} a_{22} \cdots a_{2M}| | |a_{N1} a_{N2} \cdots a_{NM}\end{array})(\begin{array}{llll}E_{1} k_{1}E_{1} k_{1}^{N-1}E_{1}E_{2} k_{2}E_{2} \cdots k_{2}^{N-1}E_{2}| | |E_{M} k_{M}E_{M} k_{M}^{N-1}E_{M}\end{array})|$ (9)
, Binet-Cauchy [13, 14]
$\tau=\sum_{m_{1}<m_{2}<\cdot<m_{N}}..A(m_{1}, \cdots, m_{N})V(m_{1}, \cdots, m_{N})\exp(\theta_{m_{1},\cdots,m_{N}})$ (10)
. , $M$ $\{$ 1, 2, $\cdots,$ $M\}$ $N$
$\{m_{1}, m_{2}, \cdots, m_{N}\}$ . , $A(m_{1}, \cdots, m_{N})$ $A$ $m_{1}$ , $m_{2}$ ,










$= \prod_{1\leq r<s\leq N}(k_{m_{s}}-k_{m_{r}})$
, (11)
$\theta_{m_{1},\cdots,m_{N}}(x, y, t)=\theta_{m_{1}}(x, y, t)+\cdots+\theta_{m_{N}}(x, y, t)$ (12)
. $V(m_{1}, \cdots, m_{N})$ , $A(m_{1}, \cdots, m_{N})$
, $\tau(x, y, t)$ , $u(x, y, t)$ regular . , $N\cross M$ $A$
$N$ , $A$ totally nonnegative .
$C$ $N$ , $A$ $CA$ $\tau(x, y, t)$ $\det(C)$
, $u(x, y, t)$ . , $A$
$A$ row reduced echelon form (RREF) . RREF $A$
$N=3,$ $M=6$ :
$A=(\begin{array}{llllll}1 0 * * 0 *0 1 * * 0 *0 0 0 0 1 *\end{array})$ . (13)
$*$ . 1 .
“ ” , “ ” . ,
1, 2, 5 , 3, 4, 6 .
$0$ . rank$(A)=N$ , $A$ RREF $N$
.
$A$ RREF
$A$ irreducible . , $0$
, $N\cross(M-1)$ ,
, (10) ($mj$ ) $e^{\theta_{m_{j}}}$ ,
$u(x, y, t)$ , , $A$ $(N-1)\cross(M-1)$
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. $A$ irreducible , $A$
, , $A$ irreducible .
$N=1,$ $M=2$ . $A=(1a),$ $a>0$ ,
$\tau=f_{1}=e^{\theta}:+ae^{\theta_{j}}$ , $k_{i}<k_{j}$ . (14)
e$\theta$ $e^{\theta_{j}}$ ( $t$ ) $xy$ (14)
, $u(x, y, t)\simeq O$ .
$\theta_{i}=\theta_{j}+\theta_{j0}$ , $\theta_{j0}=\log a$ (15)
(line soliton)




, $\alpha[i, j]$ , $n[i, j]$ $\gamma[i, j]$
$\alpha[i, j]=\frac{1}{2}(k_{j}-k_{i})^{2}$ , $\gamma[i, j]=k_{i}+k_{j}=\tan\psi[i, j]$ (18)
. , $-\pi’ 2<\psi[i, j]<\pi/2$ $y$
. , 1 $(\theta_{j})$ $(\theta_{i})$ $\tau$ $e^{\theta_{j}}$ $e^{\theta_{i}}$
, $[i, j]-$ $irightarrow i$
.
, $A$ irreducible totally nonnegative , (10) (2)
KPII (1) .
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(i) $u(x, y, t)$ $yarrow\infty$ $N$ , $yarrow-\infty$ $M-N$
. $(M-N, N)-$ .
(ii) $[i, j]-$ , $[i, j]-$ , (10)
$irightarrow j$ , $i,$ $j$
.
(iii) $A$ RREF , $\{e_{1}, e_{2}, \cdots, e_{N}\}$ ,
$\{g_{1}, g_{2}, \cdots, g_{M-N}\}$ , $yarrow\infty$
$[e_{n},j_{n}]-$ $(n=1,2, \cdots, N)$ , $yarrow-\infty$
$[i_{m}, g_{m}]-$ $(m=1,2, \cdots, M-N)$ .
(iv) (iii) , $\pi$
$\{\begin{array}{l}\pi(e_{n})=j_{n}, n=1,2, \cdots, N\pi(g_{m})=i_{m}, m=1,2, \cdots, M-N\end{array}$ (19)
, $\{$ 1, 2, $\cdots,$ $M\}$ , , $j_{1},$ $\cdots,$ $j_{N},$ $i_{1},$ $\cdots,$ $i_{M-N}$
. $e_{n}<j_{n}(n=1, \cdots, N),$ $i_{m}<g_{m}(m=1, \cdots, M-N)$
, ( derangement ).
, diagram) [11, 12].
2 $\pi=(31$ $21$ $32$ , 1, 2, 3
2 $($ 2, $1)-$ chord
$k_{1},$ $k_{2},$ $k_{3}$ . $yarrow\infty$ $[$ 1, $3]-$ ,
$\pi(1)=3$ . , $yarrow-\infty$ [1, 2] $[$2, $3]-$
, $\pi(2)=1,$ $\pi(3)=2$ . , ,
, $k_{1},$ $k_{2},$ $\cdots,$ $k_{M}$ ,
, ,
.
, 2 $($ 2, $1)-$ $A$ RREF $\tau$
$A=$ $(1 a b)$ , $a>0,$ $b>0$ , (20)
$\tau=e^{\theta_{1}}+ae^{\theta_{2}}+be^{\theta_{3}},$ $(k_{1}<k_{2}<k_{3})$ (21)
, 3 ( ) ( ) .
. , ,
, . $\tau$ , $xarrow\infty$ $e^{\theta_{3}}$ , $xarrow-\infty$ $e^{\theta_{1}}$
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3 $($ 2, $1)-$ ( ) ( ). $t=0,$ $(k_{1}, k_{2}, k_{3})=(-2,0,1)$ ,
$a=b=1$ . , $[i,j]$ $[i, j]-$ , $(j)$ $\tau$ $e^{\theta_{j}}$
.
. [1, 2], [2, 3], $[$ 1, $3]-$ .
(ii) , 3 .
$[i, j]-$ (16)
$u(x, y, t)=\alpha[i,j]sech^{2}(K[i,j]x+L[i, j]y-\Omega[i,j]t+\theta^{(0)})$ , (22)
$\alpha[i,j],$ $K[i,j],$ $L[i,j],$ $\Omega[i,j],$ $\theta^{(0)}$
$K[i,j]= \frac{1}{2}(k_{j}-k_{i}),$ $L[i,j]= \frac{1}{2}(k_{j}^{2}-k_{i}^{2}),$ $\Omega[i, j]=\frac{1}{2}(k_{j}^{3}-k_{i}^{3})$ (23)
,
$K[1,2]+K[2,3]=K[1,3],$ $L[1,2]+L[2,3]=L[1,3],$ $\Omega[1,2]+\Omega[2,3]=\Omega[1,3]$ (24)
. , $($ 2, $1)-$ 3 [1, 2], [2, 3], [1,3]
[15] .
$N=2,$ $M=4$ , , . $\tau$
$\tau=\sum_{1\leq r<s\leq 4}(k_{s}-k_{r})A(r, s)\exp(\theta_{r}+\theta_{s})$
(25)
. , $k_{1}<k_{2}<k_{3}<k_{4},2\cross 4$ $A$ totally nonnegative irreducible ,
$A(r, s)$ $A$ $r$ $s$ $2\cross 2/$ $\rangle’tT$ . , $u(x, y, t)$ regular
$($ 2, $2)-$ . $($ 2, $2)-$ 4 7
[11, 12]. 4 (3412) $(\begin{array}{llll}1 2 3 43 4 1 2\end{array})$ . $A$
RREF
$A_{(3412)}=(\begin{array}{llll}1 0 -c -d0 1 a b\end{array})$ ,
$A_{(4312)}=(\begin{array}{llll}1 0 -b -c0 1 a 0\end{array})$ , $A_{(3421)}=(\begin{array}{llll}1 0 0 -c0 l a b\end{array})$ ,
$A_{(2413)}=(\begin{array}{llll}1 0 -c -d0 1 a b\end{array})$ , $A_{(3142)}=(\begin{array}{llll}1 a 0 -c0 0 1 b\end{array})$ ,




4 7 $($ 2, $2)-$
$[$ 11, 12$]$ . , $a,$ $b,$ $c,$ $d$ , $A_{(3412)}$ ad–bc $>0,$ $A_{(2413)}$
ad–bc $=0$ . (3412) T-type, (4321) P-type, (2143) O-type
. T-type$(2,2)-$ , $\tau$ 6 , . ,
O-type, P-type$(2,2)-$ , $\tau$ 4 , (
) . 4 $(2,2)-$ , $\tau$ 5
, .




5 V . AB, AC .
“
, Mach “Miles [15, 16] , ,
KP
[17, 18, 19, 20]. 5





, KPII 5 $tarrow\infty$
. $KdV$ , , Schr\"odinder
,




$u(x, y, 0)=2sech^{2}(x-\gamma|y|)$ . (26)
, 2 .
. $\gamma$ .
Miles , $\gamma_{c}$ $\gamma>\gamma_{c}$ , O-type 2-
, $\gamma<\gamma_{c}$ , $(3142)- type(2,2)-$ . (3142)-
type$(2,2)-$ , Miles Mach
$[$ 15, 12$]$ . (26) , $k_{1},$ $\cdots,$ $k_{4}$ $O$-type
(3142)-type ( $\alpha$
) :
. O-type : $\alpha[1,2|=(k_{2}-k_{1})^{2}2=\alpha,$ $\alpha[3,4|=(k_{4}-k_{3})^{2}/2=\alpha$ ,
$\gamma[1,2]=k_{1}+k_{2}=-\gamma,$ $\gamma[3,4]=k_{3}+k_{4}=\gamma$
$k_{1}=- \frac{\gamma}{2}-\sqrt{\frac{\alpha}{2}},$ $k_{2}=- \frac{\gamma}{2}+\sqrt{\frac{\alpha}{2}},$ $k_{3}= \frac{\gamma}{2}-\sqrt{\frac{\alpha}{2}},$ $k_{4}= \frac{\gamma}{2}+\sqrt{\frac{\alpha}{2}}$ (27)
. $(3142)$ -type : $\alpha[1,3]=(k_{3}-k_{1})^{2}/2=a,$ $\alpha[2,4]=(k_{4}-k_{2})^{2}/2=\alpha$ ,
$\gamma[1,3]=k_{1}+k_{3}=-\gamma,$ $\gamma[2,4]=k_{2}+k_{4}=\gamma$
$k_{1}=- \frac{\gamma}{2}-\sqrt{\frac{\alpha}{2}},$ $k_{2}= \frac{\gamma}{2}-\sqrt{\frac{\alpha}{2}},$ $k_{3}=- \frac{\gamma}{2}+\sqrt{\frac{\alpha}{2}},$ $k_{4}= \frac{\gamma}{2}+\sqrt{\frac{\alpha}{2}}$ (28)
(27) , $k_{2}<k_{3}$ , $\gamma>\sqrt{2\alpha}$ , , (28) , $k_{2}<k_{3}$
, $\gamma<\sqrt{2\alpha}$ . $\gamma_{c}=v\sqrt{2\alpha}$
. Miles $[$ 16$]$ , $\gamma>\gamma_{c}$ regular O-type 2- $\gamma<\gamma_{c}$
singular . $O$-type 2- singular
(3142)-type . $\alpha=2$ , $\gamma_{C}=2$ .
$A_{(3142)}$ , $(3142)- type(2,2)-$ $\tau$
$\tau=(k_{3}-k_{1})e^{\theta_{1}+\theta_{3}}+(k_{4}-k_{1})be^{\theta_{1}+\theta_{4}}$
$+(k_{3}-k_{2})ae^{\theta_{2}+\theta_{3}}+(k_{4}-k_{2})abe^{\theta_{2}+\theta_{4}}+(k_{4}-k_{3})ce^{\theta_{3}+\theta_{4}}$ (29)
. $a,$ $b,$ $c$ . $c=0$ , O-type 2-
$\tau$ . $k_{1},$ $\cdots,$ $k_{4}$ $\alpha=2$ (27) (28) , O-type
(3142)-type .
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6 $\gamma=2.1>2$ $k_{1},$ $\cdots,$ $k_{4}$ 0-type
2- . , $t=0$ 2
$a=41/21,$ $b=1/21$ . $t=15$
$t=0$ $t=5$ $t=15$
XXX
6 V $(\alpha=2, \gamma=2.1)$ O-type 2- . $t=$
$0,5,15$ . , . $a=4121,$ $b=1/21$ .
. , .
, . ,
phase shift ( )
[21]. $\gamma>\gamma_{c}=2$ phase shift $x$ ,
$\delta_{x}$
$u_{m}$




$k_{4}$ $(3142)- type(2,2)-$ . , $a,$ $b,$ $c$
$t=0$ $a=4,$ $b=4’ 7,$ $c=4’ 3$ .
$t=20$ . ( $[3,4]-$
, $[1,2]-$ ) , ,
. , $y$ $[1,4]-$ (Mach stem
) , , ,
, [21]. , $[1,4]-$
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$(\gamma+\sqrt{2\alpha})^{2}/2=6.125$ , stem $L_{s}$ $[1,3]-$ $[1,4]-$




7 V $(\alpha=2, \gamma=1.5)$ (3142)-type $(2,2)-$ .
$t=0,5,20$. , . $a=4,$ $b=4/7,$ $c=$
4/3.
$\gamma=1,1.5,1.748$ , 1898, 21, 2207, 2367,25
. , (26) $\gamma>2$ , O-type 2-







8 phase shift $\gamma>2$
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($t=30$ ) . $u_{m}$ phase shift $\delta_{x}$
$t=0$









9 $\alpha=2,$ $\gamma=2$ $u_{m}$ phase shift(stem ) .
( 9). $u_{m}$ $8(=2\alpha)$
. . , $t$
. , phase shift . $O$-type
stem . , (3142)-type $t$ . ,
. .
, $tarrow\infty$ , 10
. 10 $\gamma>2$ , $y>0$ $[1,2]-$ , $y<0$ $[3,4]-$
, $y>0$ $[3,4]-$ , $y<0$ $[1,2]-$ , $tarrow\infty$
O-type 2- . , $\gamma<2$ ,
$y>0$ $[1,3]-$ , $y<0$ $[2,4]-$ , $y>0$ $[3,4]-$
, $y<0$ $[1,2]-$ , $tarrow\infty$ (3142)-type(2,2)







, $\gamma>2$ (2413)-type(2,2) , $\gamma<2$ $(3412)- type(2,2)$ ( $T$-type)
. , , $\gamma>2$ O-type, $\gamma<2$
$(3142)$ -type . .
”minimal completion ”
[21].
, V , .
V ,
.
$u(x, y, 0)=($ $\alpha_{1}sech^{2}\sqrt{\alpha_{1}}/2(x-\gamma y)$ , $(y>0)$






. 12 , $\alpha_{2}=1$ $(\alpha_{1}, \gamma)$
. $(\alpha_{1}, \gamma)$ ,
O-type 2- regular ( $O$- ), $\alpha_{1}=1$
P-type 2- regular ($P$- ), (3142)-
type $($ 2, $2)-$ regular ((3142)- ) . case(a), case(b), case(c)
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12 $(\alpha_{1}, \gamma)$ .
, $O$- , (3142)- , $P$- . $\alpha_{1}=1$ ,
$\gamma=\gamma_{c}=\sqrt{2\alpha_{1}}=\sqrt{}$ O-type (3142)-type regular .
, P-type .
, , $k_{1},$ $\cdots,$ $k_{4}$
$O$ : $k_{1}=-\gamma’ 2-\sqrt{\alpha_{1}2},$ $k_{2}=-\gamma/2+\sqrt{\alpha_{1}\prime 2}$
$k_{3}=\gamma/2-\sqrt 2,$ $k_{4}=\gamma/2+\sqrt{}\prime 2$
(3142)- : $k_{1}=-\gamma/2-\sqrt{\alpha_{1}}/2,$ $k_{2}=\gamma/2-\sqrt 2/2$
$k_{3}=-\gamma’ 2+\sqrt{\alpha_{1}’ 2},$ $k_{4}=\gamma 2+\sqrt 2$
$P$- : $\alpha_{1}>1$ , $k_{1}=-\gamma\prime 2-\sqrt{\alpha_{1}\prime 2},$ $k_{2}=\gamma 2-\sqrt 2$
$k_{3}=\gamma 2+\sqrt{2}\prime 2,$ $k_{4}=-\gamma’ 2+\sqrt{\alpha_{1}’ 2}$ ;
$\alpha_{1}<1$ , $k_{1}=\gamma’ 2-\sqrt{}/2,$ $k_{2}=-\gamma/2-\sqrt{\alpha_{1}’ 2}$
$k_{3}=-\gamma/2+\sqrt{\alpha_{1}}/2$, k4 $=\gamma$/2 $+$ /2
.
13 case(a) O-type 2-
. . $[1,2]-$ , $[3,4]-$
.
, 14 case(b) $(3142)- type(2,2)-$
. (3142)-type ,
.
case(c) . 15 case(c) . ,
P-type 2- , .
16 P-type
$(3,1)-$ . , $(3,1)-$
. , ”minimal completion ” ,
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$t=0$ $t=30$ $t=60$
13 case(a) ( ) $O$-type ( ). $\gamma=1,$ $\alpha_{1}=0.1$ . $t=0,30,60$ .
$t=0$ $t=10$ $t=25$
14 case(b) ( ) $(3142)$-type ( ). $\gamma=1,$ $\alpha_{1}=2$ . $t=0,10,25$ .
$(3,1)-$ . , 15 P-
$\alpha_{1}=4,$ $\gamma=1/2$ $k_{1},$ $k_{2},$ $k_{3},$ $k_{4}$ , $A=(1111)$
$(3,1)-$ . $A$ $t=0$
[1,4], [1,2], $[2,3]-$ ( ) .
$t=15$ . ,








17 . $t=15$ , $[3,4]-$
. $[3,4]-$ ”virtual soliton”
. virtual soliton , $(3,1)-$ . virtual soliton
.
17 case(C) $t=15$ ( ) $(3,1)-$ ( ).
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, .
virtual soliton , “minimal completion




18 $[$ 1,3$]$ , $[2,5]-$ .
$y>0$ $[1.3]-$ $[2,5]-$ , $y<0$ $[4,5]-$
. , $(k_{1}, k_{2}, k_{3}, k_{4}, k_{5})=(-2, -1.5, -1,0,1)$ (
). ,
, 18 $\pi=(35124)$
$\pi=$ (35214) . ,
, , minimal completion










. $(2,2)-$ , $yarrow\pm\infty$
4 [24]. $(2,1)-$
$(1,2)-$ ,
4 , $yarrow\infty$ $yarrow-\infty$ , ,
. ,
, 4
. , $(3142)- type(2,2)$
80
stem , stem O-type
. [24] ,
, , .
19 . 4 $(3142)- type(2,2)-$
19 $(3,3)-$ .
, stem . $[1,4]-$ . $[1,4]-$
$[5,6]-$ 0-type .
20 O-type .
20 . , $[1,4]-$ $yarrow\infty$ $yarrow-\infty$
, . $[1,4]-$ $[5,6]-$
. ,
$(k_{1},$ $k_{2},$ $k_{3},$ $k_{4},$ $k_{5},$ $k_{6})=(-2, -1,0,1,1.01,3)$ (34)
.
, 19 $A$ . 1, 3, 5 , 2, 4, 6
, $A$ RREF
$A=$ $(001$ $a00$ $001$ $-c0b$ $001$ $-efd)$ (35)
. $a>0,$ $b>0,$ $c>0,$ $d>0,$ $e>0,$ $f>0$ $bf-ce$ $>0$ , $\tau$ 20
, 14 , . , $(2,2)-$
RREF , , $e=f=0$ . $a,$ $b,$ $c,$ $d$
. , $a=b=c=1$ . $(3142)- type(2,2)-$
$[5,6]-$ , stem , ,
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. , $d=e^{100}$ .
$A=(\begin{array}{llllll}1 1 0 -1 0 00 0 1 1 0 00 0 0 0 1 e^{100}\end{array})$ . (36)
$t=2$ $t=3.1$ $t=5.5$
21 (3142)-type $O$-type . $k$
(34) , $A$ (36) .
$\tau$ 10 . 21 , ,
. $t=3.1$ (3142)-type stem $[5,6]-$
, . $[1,4]-$ $[5,6]-$
, [12] $u_{\max}\approx 11.45$ ,
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